The hyperfine splitting of the ground state of H-, Li-, and B-like ions is investigated in details within the range of nuclear numbers Z = 7 − 28. The rigorous QED approach together with the large-scale configuration-interaction Dirac-Fock-Sturm method are employed for the evaluation of the interelectronicinteraction contributions of first and higher orders in 1/Z. The screened QED corrections are evaluated to all orders in αZ utilizing an effective potential approach. The influence of nuclear magnetization distribution is taken into account within the single-particle nuclear model. The specific differences between the hyperfinestructure level shifts of H-and Li-like ions, where the uncertainties associated with the nuclear structure corrections are significantly reduced, are also calculated.
I. INTRODUCTION
Accurate knowledge of the hyperfine structure lines of middle-Z multicharged ions is of great interest due to suggested observations of these lines from hot rarefied astrophysical plasmas [1, 2] .
Such observations may allow one to study the chemical and isotopic compositions of the supernova remnants, and the hot interstellar medium, including the galactic halos, which are the main types of objects from which intense emission lines are expected. The experiments on the determination of hyperfine splittings will also enable us to refine the deduction of nuclear magnetic moments of different isotopes and to inspect the various computational models employed for the theoretical description of nuclear effects. High-precision measurements of the ground-state hyperfine structure of heavy highly charged ions have been performed in Refs. [3, 4, 5, 6, 7] . Extension of these experiments to Li-like ions presently being prepared [8] will provide tests of quantum electrodynamics (QED) in strong electric and magnetic fields on level of a few percent in specific difference of the hyperfine splitting values of H-and Li-like ions [9] . In this difference the main theoretical uncertainty which originates from the nuclear magnetization distribution correction (Bohr-Weisskopf effect) is essentially reduced. In specific differences of heavy H-and B-like ions or Li-and B-like ions the same reduction of the theoretical uncertainty can be also achieved. This becomes clear from the approximate analytical expressions for the Bohr-Weisskopf correction given in Ref. [10] .
The theoretical investigations of the hyperfine splitting of H-and Li-like multicharged ions in the middle-Z region have some history. The first accurate calculation (∼ 0.1%), based on a combination of 1/Z perturbation theory and the nonrelativistic configuration-interaction HartreeFock method, was performed in Refs. [11, 12] . Later, Boucard and Indelicato [13] employing the multi-configuration Dirac-Fock method presented the evaluation of the hyperfine splitting values over the entire range of the nuclear charge numbers Z = 3 − 92. Expansion in αZ of the QED correction has been worked out in Refs. [14, 15, 16] (for earlier studies see references therein and recent reviews [17, 18] ). However, the application of the αZ-expansion is restricted to s-states in one-electron ions and limited by its convergence property. Therefore, we evaluate the radiative corrections numerically to all orders in αZ accounting for the interelectronic-interaction effects by means of local screening potentials. All-order calculations of one-loop QED contributions to the hyperfine structure for middle-Z ions have been previously performed for the 1s state [19, 20, 21, 22] , for the 2s state [21, 22] , and for the 2p 1/2 state [23] . However, almost all these calculations of the QED corrections were dealing with one-electron ions only, where the screening effects are absent.
In the present paper, we calculate the ground-state hyperfine structure of H-, Li-, and B-like sequences in the middle-Z region. The one-loop radiative corrections are evaluated to all orders in αZ employing an effective local screening potential. Many-body effects are taken into account to the first order in 1/Z within the QED perturbation theory and to higher orders within the largescale configuration-interaction Dirac-Fock-Sturm method (CI-DFS). The single-particle nuclear model is employed for the evaluation of the Bohr-Weisskopf correction. The main goal of this work is to improve the accuracy of previous results for the hyperfine structure of H-and Li-like ions and to present novel calculations for the B-like sequence in the middle-Z region.
The paper is organized as follows: In the next section the basic formulas for the hyperfine splitting are given and the derivation of the various contributions is described. In Section III we present the numerical results for all contributions and compare the total values with previously reported calculations and with existing experimental data. Section IV provides a complete compilation of the total values for the hyperfine splitting of H-, Li, and B-like ions as well as the results for the specific differences between the hyperfine structure of H-and Li-like ions. We close with a short summary and point out the main achievements of the present work.
Relativistic units ( = 1, c = 1, m = 1) and the Heaviside charge unit [α = e 2 /(4π), e < 0] are used throughout the paper.
II. BASIC EXPRESSIONS
The interaction of atomic electrons with the nuclear magnetic-dipole moment is described by the Fermi-Breit operator, which is conveniently written as a scalar product of two tensor operators
where µ is the nuclear magnetic moment operator acting in the space of nuclear states. The electron part T is defined by the following expression
where index i refers to the i-th electron of the atom, α is the Dirac-matrix vector, and n i = r i /r i .
This interaction leads to the hyperfine splitting of the atomic levels. For an ion with one electron (e.g., ns or np 1/2 state) over the closed shells this splitting can be written in the form
Here Z is the nuclear charge number, m p and M are the proton and nuclear masses, respectively.
Within the approximation of noninteracting electrons, where the contribution of the closed shells is neglected, the hyperfine splitting is explicitely determined by the quantum numbers of valence electron state a, which is characterized by the principal quantum number n, the angular momentum j, its projection m j , and the parity l. A nucleus with spin I possesses a nuclear g factor g I = µ/µ N I, where µ is the nuclear magnetic moment and µ N is the nuclear magneton. A(αZ) is the one-electron relativistic factor, δ and ε are, respectively, the corrections for distributions of the charge and magnetic moment over the nucleus; the functions B(αZ) and C(Z, αZ) determine the corrections for the electron-electron interaction of first and higher orders in 1/Z, respectively; x rad is the QED correction. These terms are subsequently described in the following subsections.
A. One-electron contributions
The relativistic factor A(αZ) corresponding to the point-like nucleus is known analytically [24] A(αZ) = n
where n r = n − |κ| is the radial quantum number, κ = (−1) j+l+1/2 (j + 1/2), γ = κ 2 − (αZ) 2 , N = n 2 r + 2n r γ + κ 2 . The nuclear charge distribution correction δ can be found either analytically [10, 25] or numerically by solving the Dirac equation with the Coulomb potential of the extended nucleus. In this work it is evaluated numerically employing the homogeneously-chargedsphere model for the nuclear charge distribution. In order to estimate the uncertainty due to the model dependence the Fermi model is used as well. The Bohr-Weisskopf correction ε originates from the spatial distribution of the magnetic moment inside the nucleus. For a rigorous treatment of this effect for low-Z systems we refer to Ref. [26] . In the present work we restrict our consideration to models in which it can be accounted for by replacing the factor 1/r 2 in Eq. (2) by F (r)/r 2 ,
where F (r) is the volume distribution function. For example, in case of the sphere model it reads
where R 0 = 5/3 r 2 1/2 is the radius of the sphere, and r 2 1/2 is the charge root-mean-square radius of the nucleus. However, with the sphere model one can not always describe adequately the nuclear magnetization distribution. The approximation of the nuclear single-particle model is widely used for the evaluation of the Bohr-Weisskopf correction [10, 11, 12, 27, 28, 29, 30] .
Within this model the nuclear magnetization is determined by the total angular momentum of the unpaired nucleon (proton or neutron). Accordingly, the nuclear g factor g I is just the Landé factor of an extra nucleon, which is defined by the well-known formula
where L is the nuclear orbital momentum, g L and g S are the orbital and spin g factors of the valence nucleon, respectively. In case of a valence proton g L = 1, while for an extra neutron g L = 0; g S is chosen such as to reproduce the experimental value of the nuclear magnetic moment µ according to Eq. (6). For nuclei with odd or even nuclear charge numbers the role of the unpaired nucleon is either played by a proton or a neutron, respectively. In the framework of the nuclear singleparticle model the radially symmetric distribution function F (r) has been derived in Refs. [27, 29, 30] . Here we neglect the contribution of the spin-orbit interaction and employ the homogeneous distribution for the radial part of the odd nucleon wavefunction inside the nucleus [10, 30] . In this approximation F (r) reads
for I = L + 1 2 and
for
. For r > R 0 the distribution function F (r) = 1. In the case of 14 N with I = 1 we follow the work [11] and assume that the nuclear magnetization is determined by the odd proton and neutron. The corresponding formulas for ε were derived in Refs. [11, 31] . The uncertainty of the Bohr-Weisskopf correction is estimated as the maximum of two values: 50% of ε itself and the difference between ε obtained in single-particle and sphere nuclear models. As in our previous studies (see, e.g., the related discussion in Ref. [27] ), the uncertainty obtained by this procedure must generally be considered only as the order of magnitude of the expected error bar.
More accurate calculations of the Bohr-Weisskopf effect must be based on many-particle nuclear models and should include a more rigorous procedure for determination of the uncertainty. The nuclear vector polarizability correction derived in Ref. [26] is assumed to contribute less than the uncertainty of ε indicated above.
Separating out the nuclear parameters and the nonrelativistic value of the hyperfine splitting one finds that the one-electron contributions considered above can be numerically evaluated in terms of a matrix element
of the zero component T 0 of the operator T given by Eq. (2), multiplied by the magnetization distribution function F (r). The wavefunction |a of the valence state, characterized by quantum numbers a = n, j, m j , and l, is obtained as a solution of the Dirac equation with the potential of the extended nucleus. The multiplicative factor G a reads
B. Many-electron contributions
Now we pass to the many-electron corrections. The term B(αZ)/Z in Eq. (3) determines the interelectronic-interaction correction of the first order in 1/Z. A rigorous QED treatment of this contribution can be carried out utilizing the two-time Green's function method [32] . To simplify the derivation of formal expressions, it is convenient to incorporate the core electrons as belonging to a redefined vacuum. This leads to merging the interelectronic-interaction correction of order 1/Z with the one-loop radiative corrections. Such a treatment was applied previously in
Refs. [33, 34] . The corresponding expression for the interelectronic-interaction correction reads
where ε m are the one-electron energies,
and D µν (ω) is the photon propagator. It should be noted that the total 1/Z interelectronicinteraction correction given by Eq. (11) is gauge independent. We perform the calculation employ-ing Coulomb and Feynman gauges for the photon propagator, thus receiving an accurate check of the gauge invariance of the results.
The interelectronic-interaction correction of higher orders C(Z, αZ)/Z 2 is calculated within the framework of the large-scale configuration-interaction method in the basis of Dirac-FockSturm orbitals [35] . This method was successfully employed in our previous atomic calculations [36, 37, 38, 39, 40] . The interelectronic-interaction operator employed in the Dirac-Coulomb-Breit equation reads
where the sum runs over all electrons. A scaling parameter λ is introduced to separate terms of different order in 1/Z from the numerical results with different λ. This representation allows us to perform the expansion in powers of λ. In this way, the higher-order term is written as
The many-electron wavefunction Ψ λ (γJM J ) is characterized by the total angular momentum J, its projection M J , and the rest quantum numbers γ. The configuration-interaction matrix contains all single, double, and triple positive-energy excitations. Single-electron excitations to the negativeenergy spectrum were accounted for in the many-electron wavefunction Ψ λ (γJM J ) employing perturbation theory.
The calculation of the interelectronic-interaction corrections B(αZ)/Z and C(Z, αZ)/Z 2 is performed employing the homogeneously-charged-sphere model for the nuclear charge distribution and single-particle model for the nuclear magnetic moment distribution.
C. One-loop radiative contribution
The one-loop radiative contribution x rad appears as the sum of vacuum-polarization (VP) and self-energy (SE) corrections, x rad = x VP + x SE , as depicted diagrammatically in Figs. 1 and 2, respectively. However, for the Li-and B-like ions along with the one-electron part the correction x rad contains also the many-electron part. In order to account for many-electron effects we consider an effective spherically symmetric potential V eff that partly takes into account the interelectronic 
which we employed successfully in previous calculations [42, 43, 44, 45] . Here V nuc is the potential of the extended nucleus and ρ t denotes the total one-electron density. In order to estimate the sensitivity of the result on the specific choice of the screening potential we consider also the core-Hartree potential.
The VP correction x VP is divided into the electric-loop part, Fig. 1 (a,b) , which accounts for the VP correction to the scalar binding potential V eff , and the magnetic-loop part, Fig. 1 (c) , corre-sponding to the VP-corrected hyperfine interaction potential. The expression for the electric-loop term Fig. 1 (a,b) reads . The Uehling part can be evaluated according to the well-known equation
where the density ρ eff is related to the effective binding potential V eff [ via the Poisson equation
. The Wichmann-Kroll part can be generated by summing up the partialwave differences between the unrenormalized total VP potential and the unrenormalized Uehling term [46, 47] . In this work we employ the approximate formula for the Wichmann-Kroll electricloop potential derived in Ref. [48] . The correction to the hyperfine splitting due to the magnetic loop x ml VP can be written in the form
where U ml VP is the VP-corrected hyperfine potential T 0 . It can be renormalized utilizing the same scheme as for the electric loop. For the distribution function F (r) corresponding to the sphere model (see Eq. (5)) we obtain the following analytical expression for the magnetic-loop Uehling
where the function β n is defined as
The Fig. 2 (a,b) with the intermediate state energy ε n = ε a , is represented by the expression
where δm is the mass counter-term and Σ(ε) denotes the unrenormalized self-energy operator with matrix elements defined by
Accordingly, the irreducible contribution can be written as nondiagonal matrix element of the self-energy operator. Thus, the renormalization scheme developed for the first-order self-energy correction can be also applied in this case (see, e.g., Refs. [49, 50, 51] ). Only a slight extension of the corresponding formulas for the case of a nondiagonal matrix element is needed.
The expression for the reducible term is given by
while the vertex part, Fig. 2 (c) , reads In our calculations of the radiative corrections we have utilized the sphere model for the magnetic moment distribution function F (r).
III. NUMERICAL RESULTS
Now let us pass to the presentation of the numerical procedure and the results for H-, Li-, and B-like sequences. The infinite summations over the complete spectrum of the Dirac equation involved in the numerical evaluations are performed employing the finite-basis set approach. The B-splines basis set was constructed utilizing the dual kinetic balance approach [52] . The latter treats large and small components on equal footing and respects the charge conjugation symmetry.
As a consequence no unphysical spurious states appear and moreover, it improves the convergence properties and the accuracy considerably. The values of the nuclear root-mean-square radii are taken from the tabulation [53] . The root-mean-square radius, in particular, for the 33 S isotope is assumed to be the average of the values given for even isotopes 32 S and 34 S, respectively. Empirical data for the nuclear properties: spin I, parity π, and magnetic moment µ/µ N are taken from
Ref. [54] . All these values are also compiled in Table I . We indicate the uncertainties assigned to the nuclear magnetic moments only if they exceed the level of 10 −5 in the relative units. One has to note here, that the magnetic moment values obtained via the nuclear magnetic resonance technique do not usually account for the chemical shift [55] , which is of the order 10 −3 − 10 −4 or sometimes even larger.
A. H-like ions
The individual contributions to the hyperfine splitting for the light H-like ions are presented in Table I . The values obtained for the radiative corrections x SE and x VP are in good agreement with the most accurate nonperturbative results [22] based on the Coulomb-Dirac Green function.
The slight difference is explained by the finite-nuclear-size effects accounted for in the present work. The latter is especially important for the evaluation of the specific difference between Hand Li-like hyperfine splitting values, where the QED corrections have to be calculated within the same nuclear model. As one can see from the table the main uncertainty originates from the Bohr-Weisskopf correction ε. In Table II the predictions for the total transition energies ∆E (1s) are compared with the results of previous calculations [11, 13] . Deviations between our results and those reported in Ref. [13] arise from the different treatment of the Bohr-Weisskopf effect. In work [13] the simple spherical model for the magnetization distribution was employed. Theoretical values for the total transition energies ∆E (1s) and wavelengths λ (1s) are presented in Table X below.
B. Li-like ions
The consideration of Li-like ions we start with the results for the screened radiative corrections x SE and x VP . The one-loop QED correction is conveniently represented in terms of the function D rad defined as
In Tables III and IV As in the case of H-like ions the main uncertainty originates from the Bohr-Weisskopf correction ε.
Earlier calculations on the hyperfine structure of light Li-like ions [11, 12, 13] account for the radiative correction on the basis of analytical expansion with respect to αZ. Here we have performed exact (to all orders in αZ) evaluations of one-loop QED corrections with an effective screening potential and with a nuclear vector potential involving an extended magnetization distribution. As compared to the results of works [11, 12] , several additional improvements have been achieved: the interelectronic-interaction corrections B(αZ)/Z and C(Z, αZ)/Z 2 have been calculated taking into account explicitly the extended nuclear charge and magnetic moment distribution effects, moreover, the term C(Z, αZ)/Z 2 has now been evaluated within the framework of the relativistic CI-DFS method. The latter is especially important for ions of the higher Z region. The remaining one-electron corrections A(αZ), δ, and ε coincide with the results of works [11, 12] . The recoil effect for Li-like ions is partly accounted for by a factor (1 + m/M) −3 in Eq. (3). However, addi- tional contributions arising from the specific mass shift and spin-orbit recoil corrections [56] are significantly smaller than the uncertainty assigned for the Bohr-Weisskopf correction.
In Table VI results for the total ground-state hyperfine splitting values of lithiumlike ions ∆E (2s) of different theoretical calculations are compared. In addition the experimental value of a recent measurement of the hyperfine splitting of lithiumlike 45 Sc 18+ ion, performed by resolving the 2s hyperfine structure in the dielectronic recombination spectrum [57] , is given as well.
The deviations between our results and values reported in Ref. [13] are mainly determined by interelectronic-interaction effects. The total theoretical values of the energies ∆E (2s) and wavelengths λ (2s) are reported in Table X .
C. B-like ions
Let us now turn to boronlike ions. The corresponding screened radiative corrections x SE and In Table IX electron density vanishes at the origin. Since the nuclear structure corrections δ and ε arise from the nuclear region, these contributions are much smaller in the B-like ions than in corresponding H-and Li-like ions. For the uncertainty of the radiative correction we prefer a conservative estimation as the difference of QED corrections calculated with and without screening potential.
This uncertainty dominates for ions in the low-Z region. Evaluation of the screened radiative correction within the rigorous QED approach is presently underway. For high-Z ions the total theoretical uncertainty is mainly determined by the frequency-dependent (QED) contribution in the higher-order interelectronic-interaction term C(Z, αZ)/Z 2 , which is estimated to be of the order (αZ) 3 C(Z, αZ)/Z 2 . In Table X the total theoretical values of the energies ∆E (2p 1/2 ) and wavelengths λ (2p 1/2 ) are reported. The recoil correction is accounted for by a factor (1 + m/M)
in Eq. (3) with 100% uncertainty, caused by uncalculated specific mass shift and spin-orbit recoil corrections [56] . 
IV. DISCUSSION
Predictions for the total energies ∆E (a) and wavelengths λ (a) of the transitions between the ground-state hyperfine splitting components of the light H-, Li-, and B-like ions are given in Table X . Due to the discrepancies in the experimental data for nuclear magnetic moments µ for some ions we have evaluated transition energies and wavelengths for all values of µ reported in
Ref. [54] . The values of the nuclear spin and parity, and the root-mean-square radii are the same as in Table I . In the parentheses the uncertainty of the presented results is indicated. For 1s and 2s states it is mainly due to the Bohr-Weisskopf effect and must generally be considered as the order of magnitude of the expected error bar. For some ions we give also a second value for the uncertainty, which corresponds to the uncertainty of the nuclear magnetic moment. The values [43, 44, 45] . Due to the lack of experimental data one can not make a detailed comparison for the ions under consideration. 
The parameter ξ has to be chosen to cancel the Bohr-Weisskopf correction ξ = 1 8 A (2s) (αZ)(1 − δ (2s) ) A (1s) (αZ)(1 − δ (1s) ) f (αZ) .
The function f (αZ) is defined by the ratio of the Bohr-Weisskopf corrections
This function can be calculated to a rather high accuracy, because it is determined mainly by the behavior of the wavefunctions at the atomic scale and thus almost independent of the nuclear structure [9] . In Table XI 
